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Graphs are a powerful tool to model:
@ conflict, interaction
@ networks, map (shortest path, optimal flow)
@ many optimization problems of the industry world.
They also have many interactions with:
@ computer science, physics
@ combinatorial optimization
@ computational geometry
° ...
t %1 “'w Pig o
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The coloring problem is of major interest in graph theory:
@ a natural way to model optimization problems

@ at the center of the many theoretical aspects of discrete
mathematics.

Given a graph G, what is the minimum number of colors needed
to color it properly?

optimal!

The chromatic number is the minimum number of colors needed.
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A clique is a set of pairwise adjacent vertices. The size of the
largest clique is denoted by w(G). ’

A stable set is a set of pairwise non-adjacent vertices. The size of
the largest stable set is denoted by a(G). ’
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A perfect graph is a graph G such that every induced subgraph H
of G satisfies w(H) = x(H).

Conjectured by Berge in 1961.

Theorem [Chudnovsky, Robertson, Seymour, Thomas 2002]

A graph is perfect if and only if it does not contain any odd hole or
odd anti-hole as an induced subgraph.

Theorem [Grétschel, Lovasz, Schrijver 1988]

The chromatic number can be computed in polynomial time in
the class of perfect graphs.

And now?

What about coloring a graph with a fixed number of colors?
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k-coloring
A graph is k-colorable if it can be colored with k colors.

—

Theorem [Garey, Johnson, Stockmeyer 1974]

Deciding whether a graph is k-colorable is NP-Complete for each
k > 3.

As seen previously, for perfect graphs it is polynomial.

Let us take a look at other graph classes.
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Forbidding short cycles [Kamiriski, Lozin 2007]

For any fixed k, g > 3, the k-coloring problem is NP-Complete in
the class of graphs with girth at least g.

girth: length of the shortest cycle.
Forbidding claws [Holyer 1981]

For any fixed k > 3, the k-coloring problem is NP-Complete in the
class of H-free graphs where H contains a

\/

For any fixed k > 3 and H a forbidden induced subgraph that is
not a collection of paths, deciding whether a H-free graph is
k-colorable is NP-Complete.

Forbidding cycles or claws

12/45




Coloring (Pg, bull)-free graphs
000000

-coloring of P,-free graphs.

Py: induced path on (¢ vertices.

13/45



Coloring (Pg, bull)-free graphs
000000

-coloring of P,-free graphs.

Py: induced path on (¢ vertices.

0\
<4 P P P P
P P P P
6 P P 7 NPC
7 P P NPC NPC
>8 P ? NPC NPC

13/45



Coloring (Pg, bull)-free graphs
000000

-coloring of P,-free graphs.

Py: induced path on (¢ vertices.

0\

<4 P P P P
P P P P

& P P (3) NPC
P P NPC NPC

>8 P 7 NPC NPC
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2015].

@ (Ps, banner)-free graphs [Huang 2016].
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4-coloring polynomial-time algorithms in Pg-free graphs
o (Ps, Cs)-free graphs [Chudnovsky et al. 2014].

@ (Ps,bull, 7>)-free and (Ps, bull, kite)-free graphs [Brause et al.
2015].
@ (Ps, banner)-free graphs [Huang 2016].

AQO

Cs bull kite banner

Theorem [Maffray, Pastor|

There is a polynomial time algorithm that determines whether a
(Pe, bull)-free graphs is 4-colorable, and if it is, produces a

4-coloring.
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Homogeneous set

A homogeneous set is a set S C V/(G) such that every vertex in
V(G)\ S is either complete to S or anti-complete to S.

Quasi-prime graph

A graph G is quasi-prime if every non-trivial homogeneous set of

G is a clique.
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It is sufficient to produce a 4-coloring for any (Ps, bull)-free graph
G that satisfies the following properties:

@ G is Ks-free and double-wheel-free.
@ G and G are connected.

© G is quasi-prime.

Ks double-wheel
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Proof of G and G connected.

If G is not connected.
Test 3-colorability of each co-components with known algorithms.
Refine to test whether they are 1-, 2- or 3-colorable.
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Let G be a quasi-prime bull-free graph that contains no K5 and no
double-wheel. Then at least one of the following holds:

o G is gem-free.

@ G contains a magnet.

@ G contains the special graph.

v

gem special graph

18/45



Coloring (Pg, bull)-free graphs
00080000

Coloring (Ps, bull, gem)-free graphs

If G is also gem-free we can show that it is either:

19/45



Coloring (Pg, bull)-free graphs
00080000

Coloring (Ps, bull, gem)-free graphs

If G is also gem-free we can show that it is either:

©Q perfect, or

19/45



Coloring (Pg, bull)-free graphs
00080000

Coloring (Ps, bull, gem)-free graphs

If G is also gem-free we can show that it is either:

@ perfect, or
@ of bounded clique-width.

19/45



Coloring (Pg, bull)-free graphs
00080000

Coloring (Ps, bull, gem)-free graphs

If G is also gem-free we can show that it is either:

@ perfect, or
@ of bounded clique-width.

@ Algorithm for bull-free perfect graphs.

19/45



Coloring (Pg, bull)-free graphs
00080000

Coloring (Ps, bull, gem)-free graphs

If G is also gem-free we can show that it is either:

@ perfect, or
@ of bounded clique-width.

@ Algorithm for bull-free perfect graphs.

@ Courcelle's theorem.
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A subgraph F of G is a magnet if every vertex of G\ F has two
neighbors u, v € V/(F) such that uv € E(F).

List of size 2

2-list-coloring problem
is polynomiall
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Theorem [Maffray, Pastor|

There is a polynomial time algorithm that determines whether a
(Pe, bull)-free graphs is 4-colorable, and if it is, produces a
4-coloring.

Theorem [Maffray, Pastor|

For any fixed k, there is a polynomial algorithm that determines if a
(Pe, bull, gem)-free graph is k-colorable and if it is, produces a
k-coloring.

gem

23/45



The List Coloring Conjecture

The List Coloring Conjecture

24 /45



The List Coloring Conjecture
©0®000

List-coloring
o Let G be a graph. Every vertex v € V(G) has a list L(v) of
prescribed colors, we want to find a proper vertex-coloring ¢
such that c(v) € L(v).
@ When such a coloring exists, G is L-colorable.

25 /45



The List Coloring Conjecture
©0®000

List-coloring
o Let G be a graph. Every vertex v € V(G) has a list L(v) of
prescribed colors, we want to find a proper vertex-coloring ¢
such that c(v) € L(v).
@ When such a coloring exists, G is L-colorable.

25 /45



The List Coloring Conjecture
©0®000

List-coloring
o Let G be a graph. Every vertex v € V(G) has a list L(v) of
prescribed colors, we want to find a proper vertex-coloring ¢
such that c(v) € L(v).
@ When such a coloring exists, G is L-colorable.

25 /45



The List Coloring Conjecture
©0®000

List-coloring
o Let G be a graph. Every vertex v € V(G) has a list L(v) of
prescribed colors, we want to find a proper vertex-coloring ¢
such that c(v) € L(v).
@ When such a coloring exists, G is L-colorable.

25 /45



The List Coloring Conjecture
©0®000

List-coloring
o Let G be a graph. Every vertex v € V(G) has a list L(v) of
prescribed colors, we want to find a proper vertex-coloring ¢
such that c(v) € L(v).
@ When such a coloring exists, G is L-colorable.

25 /45



The List Coloring Conjecture
©0®000

List-coloring
o Let G be a graph. Every vertex v € V(G) has a list L(v) of
prescribed colors, we want to find a proper vertex-coloring ¢
such that c(v) € L(v).
@ When such a coloring exists, G is L-colorable.

O - .

25 /45



The List Coloring Conjecture
©0®000

List-coloring
o Let G be a graph. Every vertex v € V(G) has a list L(v) of
prescribed colors, we want to find a proper vertex-coloring ¢
such that c(v) € L(v).
@ When such a coloring exists, G is L-colorable.

Q H = m
\
e

© =

25 /45



The List Coloring Conjecture
©0®000

List-coloring
o Let G be a graph. Every vertex v € V(G) has a list L(v) of
prescribed colors, we want to find a proper vertex-coloring ¢
such that c(v) € L(v).
@ When such a coloring exists, G is L-colorable.

25 /45



The List Coloring Conjecture
©0®000

List-coloring
o Let G be a graph. Every vertex v € V(G) has a list L(v) of
prescribed colors, we want to find a proper vertex-coloring ¢
such that c(v) € L(v).
@ When such a coloring exists, G is L-colorable.

25 /45



The List Coloring Conjecture
©0®000

List-coloring
o Let G be a graph. Every vertex v € V(G) has a list L(v) of
prescribed colors, we want to find a proper vertex-coloring ¢
such that c(v) € L(v).
@ When such a coloring exists, G is L-colorable.

. - = O
V

conflict

N
. . o

25 /45



The List Coloring Conjecture
©0®000

List-coloring
o Let G be a graph. Every vertex v € V(G) has a list L(v) of
prescribed colors, we want to find a proper vertex-coloring ¢
such that c(v) € L(v).
@ When such a coloring exists, G is L-colorable.

. - = O
V

conflict

N
. . o

The choice number, denoted by ch(G), is the smallest k such that
for every list assignment L of size k, the graph G is L-colorable. J25/45
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V(G) = ch/(G).

Conjecture [Gravier and Maffray 1997]
For every claw-free graph G, x(G) = ch(G).

We are interested in the case where G is perfect.

Theorem [Gravier, Maffray, Pastor|

Let G be a claw-free perfect graph with w(G) < 4. Then
x(G) = ch(G).
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Claw-free graph

The is the graph K1 3. A graph is said to be claw-free if it has
no induced subgraph isomorphic to Ki 3.

Theorem [Chvatal, Sbihi 1988]

Every claw-free perfect graph either has a clique-cutset, or is a
peculiar graph, or is an elementary graph.
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Let G be a peculiar graph with w(G) < 4 (unique in this case).
Then, x(G) = ch(G).

\

Proof

@ If some pairs of non-adjacent vertices share a color, we can
color G.

@ If no such pair exists, we can find a coloring by Hall's theorem.
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Proof of the main theorem

The graph G is decomposed by clique cutset into:

@ peculiar graphs v

@ elementary graphs. v/

We still need to glue back all pieces!
Within the list-coloring context, clique cutsets are not as
convenient as for the classical coloring.
We still manage to deal with them by using Galvin’s theorem.
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Theorem [Gravier, Maffray, Pastor|

Let G be a claw-free perfect graph with w(G) < 4. Then
\(G) = ch(G).
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The Normal Graph Conjecture [De Simone, Kérner 1999]

A graph with no G5, C7 and (7 as an induced subgraph is normal.

What is known?
@ Line-graphs of cubic graphs are normal [Patakfalvi 2008)].

o Circulant graphs are normal [Wagler 2007].

@ A few classes of sparse graphs have been show to be normal
[Berry and Wagler 2013].

@ Almost all d-regular graphs are normal when d is fixed
[Hosseini, Mohar, Rezaei 2015].
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Take an object at random, and prove that with positive
probability it satisfies the desired properties.

Properties

| A

We generate a random graph G, , with p = n~%9_ With good
probability, we have the following properties:

@ The number of cycles of length at most 7 is small.
o a(G) = o(n%).
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How to conclude?

There exists an n-vertex graph G satisfying the following:
@ G has a small number of short cycles.

@ G has a large number of connected stars.
o aG) = o(n"%).

Let us remove short cycles.

@ We have a graph of girth at least 8.

@ The large number of connected stars induces a stable set of
size n%%

e Contradiction to the fact that a(G) = o(n®%).
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Theorem [Harutyunyan, Pastor, Thomassé|

There exists a graph G of girth at least 8 that is not normal.

Counter-example to the Normal Graph Conjecture!
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one of human size?
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