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Why a "quantum" processing of information?

Some problems can be solved much more efficiently using quantum computers

» Factorisation [Shor’94]
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Why a "quantum” processing of information?

Some problems can be solved much more efficiently using quantum computers

» Factorisation [Shor’94]
» Search [Grover’96]
» Backtracking [Montanaro’15]

Main challenges:
» size of the memory (#qubits)
» quality of the qubits.
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Towards Fault-Tolerant QC

« Quantum error correcting codes

e Threshold Theorem: correcting errors faster than they are created.

ﬁ

Physics: improve quality of CS: develop codes
the quantum memory with smaller threshold

e when they meet: Large Scale Quantum computer (LSQ)

» now: Noisy Intermediate-Scale Quantum devices (NISQ)
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Noisy Intermediate-Scale Quantum (NISQ) devices

QUANTUM
COMPUTER

HPC simulation?
(up to ~50 high quality qubits.)

Quantum supremacy: Quantum usefulness: beating
classical/quantum separation classical computers in practice.



Why a "quantum" processing of information?

Some problems can be solved much more efficiently using quantum computers

» Factorisation [Shor’94]
» Search [Grover’96]
» Backtracking [Montanaro’15]

Quantum Cryptography: unconditionally secured communications

e Quantum key distribution [BB84]






Outline

Postulates
Quantum Circuits
1st Algo: Detecting fake coins with a quantum scale

2nd Algo: Deutsch-Jozsa



Postulate 1: Quantum states

e Classical bit: b € {0,1}
® Quantum bit (qubit): |¢) € C?,

lp) = a]0) + B[1)

with a2 + |82 =1

Examples:

Loy +ipy)

S

2



Register of qubits

Definition. The state of a n-qubit register is a unit vector of C2".

)= > aule) with [[l@) 2= > JauP=1

ze{0,1}™ ze{0,1}n
Examples:
1
—=(/00) —101))
7
(100 + i01) + [11))
\/_

7(|000> +]111))



Postulate 2: composed system

Definition. Let |p1) be a n-qubit state and |p2) be a m-qubit state, the
(n + m)-qubit state of the composed system is

o) = le1) ® |ip2)
where - ® - is bilinear and Vz € {0,1}", Vy € {0,1}™, |z) ® |y) = |zy).

Examples:
00 |0>\;§|1> — |0>®|0>\;§\0>®U> — \00>\;§|01>
e LU - 1g
AL = 77

(3] V2
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Postulate 2: composed system

Definition. Let |p1) be a n-qubit state and |p2) be a m-qubit state, the
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Postulate 2: composed system

Definition. Let |¢1) be a n-qubit state and |p2) be a m-qubit state, the
(n + m)-qubit state of the composed system is

o) = le1) ® |ip2)
where - ® - is bilinear and Vz € {0,1}", Vy € {0,1}™, |z) ® |y) = |zy).

Examples:
0)—11) _ 19®[0)-[0)®[1) _ [00)—|01)
e A ="
o |01>j§|11> _ |o>j§\1> ® [1)

o L # (@)+b[1)@(el0)+d[)
= ac|00) + ad|01) + bec|10) + bd |11)
= ad=0 = ac=0or bd =0 impossible

\/ii(|00> +]11)) is an entangled state.



Postulate 3: Measurement

@ y |0) with classical outcome 0

/5)2 |1) with classical outcome 1

Measurement is probabilistic and irreversible.

Measure = Interaction = Transformation



2.

xz€{0,1}n

W(

Partial Measurement

aglr) = Z oz |0x) + Z a1z |1x)

D

z€{0,1}n—1

ze{0,1}n—1 ze{0,1}n—1

00z |a:)) + 1) ® ( Z Qg |~T>)
z€{0,1}»—1

| -



> ok = %

z€{0,1}n z€{0,1}—1

Partial Measurement

ooz |0z) + Z a1 |1z)
xz€{0,1}n—1

|o>®( ) a0m|x>)+|1>®( > a1m|:c>)

z€{0,1}n—1

04|€00>

z€{0,1}—1

ﬂ|€01>

| =



2.

xz€{0,1}n

W(

Partial Measurement

aglr) = Z oz |0x) + Z a1z |1x)

z€{0,1}»—1

Y. o Iw)) +H) e (

z€{0,1}n—1

04|€00>

xz€{0,1}n—1

> alwlw>) = al0)® gy + A1) ® | p))

z€{0,1}—1

ﬂ|€01>

| =



Partial Measurement

_ Z o lz) = Z oz |0z) + Z a1z [1z)

x€{0,1}n z€{0,1}—1 xe{0,1}n—1

= |0>®( 3 a0m|w>)+|1>®( > aulw>)=a|0>®|¢0>+ﬁ|1>®|¢1>

z€{0,1}n—1 z€{0,1}—1

ol @) Blor)

&

ot

\oL\2 0) ® |@y)  classical outcome 0

al0) @ |y +F11) @ |¢))
r—

11) ® | ;) classical outcome 1

| -



Partial Measurement

_ Z o |z) = Z oz |0x) + Z a1z [1z)

ze{0,1} ze€{0,1}n—1 ze{0,1}n—1
xS{O,l}n—l B xE{O,l}n—l B
a | @) Ble)

—

y 10) ® | @) ' classical outcome
a|0) ® |gy) +F11) ® |¢)

/ﬂ\?‘ 1) @ |¢,) classical outcome 1

! 0) ® |0) ' classical outcome 0
00411y _—

2

classical outcome 1



Postulate 4: Closed System,
a Unitary Evolution

Definition. An isolated system evolves

® linearly ie, Ulalp) + B ) = aU(l9)) + BU([¢))

® preserving the normalisation condition i.e., ||[U(|e)|| = || ¢) ||
Example:
[0)+[1)
" oo |0>\/§\1>
) - o

H(H(]0))) =
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Postulate 4: Closed System,
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Definition. An isolated system evolves

® linearly ie, Ulalp) + B ) = aU(l9)) + BU([¢))
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Example:
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Postulate 4: Closed System,
a Unitary Evolution

Definition. An isolated system evolves

® linearly ie, Ulalp) + B ) = aU(l9)) + BU([¢))

® preserving the normalisation condition i.e., [[U(|¢))| = || |¢) ||
Example:
. [0)+]1)
SR 00
- 0

H(H(|0)) = H (lo>j§|1>) _ H(IO))\}-iH(H)) _ D= _ g



Postulate 4: Closed System,
a Unitary Evolution

Definition. An isolated system evolves

® linearly ie, Ulalp) + B ) = aU(l9)) + BU([¢))

® preserving the normalisation condition i.e., ||[U(|e)|| = || ¢) ||
Example:
. [0)+[1)
H : |0) — |o>‘/§\1>
) - o

H(H(|0)) = H (lo>j§|1>) _ H(IO))\}-iH(H)) _ D= _ g

0)— 1>> — HU-H(I1) _ [0+HD0+ _ )
V2 V2 2

H(H (1) = H



U

11

More Unitary Evolutions

Z : 10) — 0)
i = -

R(0) - 10) = 0)
1) — e1)

[00) +— ]00)
[01) +— |O1)
[10) — |11)
[11) +— ]10)



Parallel Composition

If U is applied to a subregister, and V is applied on the rest of the
register, the overall evolution is U ® V with:

U V)(p @) = Ulp) @ (V1)

Example:
(H © H) [01) =



Parallel Composition

If U is applied to a subregister, and V is applied on the rest of the
register, the overall evolution is U ® V with:

U V)(p @) =Ulp) @ (V1)

Example:
(H® H)[01) = (H |0)® (H [1)) = |0>\J/r§\1) L L R |00>*|01>J2r|10)*\11>

V2



Parallel Composition

If U is applied to a subregister, and V is applied on the rest of the
register, the overall evolution is U ® V with:

U V)(p @) =Ulp) @ (V1)

Example:

(H® H)|01) = (H|0))® (H|1)) = |0>\J/r§\1) ® |0>\;§\1) _ |00>*|01>J2r|10)*\11>

@ When the state is entangled, one can use linearity:

[00)+]11) _ (URV)|00)+(U®V)|11)
(U@ V)t - -

WioHev]o)+U1)® (V1))
V2




Matrix Notations

@p...0

® D ecfoyn O |T) “
Q..

® A matrix U is unitary iff Utu =UuUt =1,
where UT is the adjoint of U

a ¢ aU cU
.[b d}®U_[bU dU}



Dirac Notations

The state space of a quantum system is a Hilbert space H equipped with
a inner product (., .)

A Hilbert space H of finite dimension d is isomorphic to C¢ equipped with
S

the canonical inner product (G, 1) = G

|
1
AS)
— %
AS
Q%
| I
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Postulates
Quantum Circuits
1st Algo: Detecting fake coins with a quantum scale

2nd Algo: Deutsch-Jozsa
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Representing quantum evolutions

Quantum circuits: 2D representation

fa[faf =(dal)e(al)

1 1
10 V3
s 1]®[7L§ 7]®
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T T
I
el
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X
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o
(o)
]
N—————
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—e
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Quantum Gates

0 1 10) = | 1)

|1 -
10} | 1) — |0) o= l=



Quantum Gates

[0) = [ 1)
1) = 10)

[x) = |1 —x)

[0) = 10)
1) = —1[1)

[ x) = (=D*[x)



Quantum Gates

10y =117 ) = 1 =)
1) > | 0)

10) = 10) |x) - (=1 |x)
1) > — 1)

10) > | 0)

| [x) > €| x)
1) ] 1)



Q
ua
ntum G
ate
S

i
— ;

0
|0) — |
|1)|—>|O> §

_ |
. 1) )
|1>H|O> | x)

eia (_
: |1> 1" | x
| 1) . |x> >
l_) |O>\/_§:l> > elxa
| | x)
) = 2
+
(—D*
\/E)ll)

NG



Quantum Gates

[0) = [ 1)
1) = 10)

[x) = |1 —x)

[0) = 10)
1) = —1[1)

[ x) = (=D*[x)

|0) = 10)

| [x) > €| x)
1) ] 1)

10) > 221 |0) + (=D)*| 1)

V2 | x)
|1> . |O>ﬁm \/5

|00) — | 00)
|01) = |01)
|10) — | 11)
|11) — | 10)

lx,y) =[x, x DY)

XOR



Universality

Universality: Any unitary transformation acting on a finite number of qubits can
be represented by a quantum circuit which gates are :

_Ra_ _H_ ‘

Approx. Universality: Any unitary transformation acting on a finite number of
qubits can be approximated by a quantum circuit which gates are :

Rauf- | H| I




Quantum Circuits — Examples
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L/ L/
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Quantum Circuits — Examples

| X) l P l
T CNot = |x,y) = |x,x D y)
| y)

L/ L/

|x,y) =[x, x®Yy)
S XD XDy, xDy)=|y,xDYy)
= [ 7,y®x®Yy) =|yx)




Quantum Circuits — Examples

:;Ci l ? l :zi CNot = |x,y) = |x,x ®y)

L/ L/

|x,y) =[x, x®Yy)
S XD XDy, xDy)=|y,xDYy)
= [ 7,y®x®Yy) =|yx)




Quantum Circuits — Examples

|0) — H T
CNot = |x,y) = |x,x D y)
10)

= H=|x) o 10+EDTD

NG



Quantum Circuits — Examples

|0) — H T
CNot = |x,y) = |x,x D y)
10)

~ 10) + (=1)*| 1)

H=|x) G

o0y JOHID o 100)+110)

V2 V2




Quantum Circuits — Examples

|0) — H T
CNot = |x,y) = |x,x D y)
10)

~ H=|x) |0) + (=1)"| 1)
V2
0)+]1 00) + |10
ooy o LI o 100)+ (10
V2 V2

CNot|00) + CNot|10)  [00) +|11)
— =

V2 V2




Quantum Circuits — Examples

0) — H
10) I |00) + | 11) CNot = |x,y) = [x,x®Y)
10) D V2 Helx) o 10+
V2
0) + |1 00) + | 10
|00>H|> |>®|0>=| Rl
V2 V2

CNot|00) + CNot|10)  [00) +|11)
— =

V2 V2




Quantum Circuits - Toffoli

| x) ' Y *—R_,—o—

N D
|y) \ ¢ * Rﬂ/4 N R—;r/4 N
12) — H DRy — DRy =D R_jy=D—Rys - H




Quantum Circuits - Toffoli

) * * —Rys—9— |x)
|y) * * Rﬂ/4 C) R—;r/4 () |y)
|2) | H —D—Rys — DR ys =D R_ s O Rs 1 H 1z @®x.y)

AND



Quantum Circuits - Toffoli

| x) * * *— Ry —9— |x)
) * * Ry —D—R_ps=D— 1y)
12) — H —P—Rys D Rys =D R_s <D 1R H 2@ x.y)
|x) —¢— |x) AND
Toffoli gate: |y) —e— 1)

12) —p— |2 (x.y))



Quantum Circuits - Hadamard

H,10...0) = (H|0) ® ... ® (H|0))

|x)) 4 H |~

|x,) 4| H —

|xn—1> T H [

|xn>_H_




Quantum Circuits - Hadamard

H,10...0) = (H|0)) ® ... ® (H|0))
1 1
_10+1n 10+

lx) = H [— \/5 \/5
|x) | H —
|xn—1>_ H —

|xn>_H_




Quantum Circuits - Hadamard

H,10...0) = (H|0)) ® ... ® (H|0))
1 1
_10+1n 10+

|x)) 4 H |~ \/5 \/5
1
|x) | H — = Z
ﬁ V- Y,€10,1}

|xn—1> T H [

|xn>_H_




Quantum Circuits - Hadamard

H,10...0) = (H|0)) ® ... ® (H|0))
1 1
_10+1n 10+

|x) /| H — V2 V2
1
%) —| H [~ =— > 1y
. ﬁ Vi 7,EL0,1)

| X)) | H — H|x..x)=H|x) Q... Q (H|x,))

|xn>_H_




Quantum Circuits - Hadamard

H,10...0) = (H|0) ® ... ® (H|0))

_1o+in o 10+
|x1> — H — \/E \/5
1
%) — H [~ =— > 1y
. ﬁ Vs ..y,€10,1}
o = H - H,lxp..5) = H|x) ® ... ® (H|x,))
|x,) — H _10+EDn o o 10+ (DM

7 v



Quantum Circuits - Hadamard

H,10...0) = (H|0) ® ... ® (H|0))

_10+1n o 10+
|x1> — H — \/5 \/5
1
%) — H [~ =— > 1y
. ﬁ Yoo, E{0,1}
o H [~ Hlx.5) = (H]5) ® ... ® (H]x,))
%) — H [~ _1o+Ehnn o o 10+ DR
V2 V2
1

=— ), DXEi|y.y)
V2", e



Quantum Circuits - Hadamard

H,10...0) = (H|0) ® ... ® (H|0))

_1o+in o 10+
|x1> — H — \/5 \/5
1
%) — H [~ =— > 1y
° \/ﬁ V- Y,€10,1}
-0 = H Hylx..5) = Hx) ® ... ® (H|x,)
%) — H [~ _1o+Ehnn o o 10+ DR
V2 V2
1

=—— ) (=DZWi|y.y,)
\/? Vi---Y,€10,1}

1
H,|x) = D (=1*¥|y) wherex ey = ) x,
V2" yeqo.1y i



No Cloning

THM: There is no unitary transformation U such that V| ¢)

[§) —

10) —

U

— | &)

— | &)
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No Cloning

THM: There is no unitary transformation U such that V| ¢)

9)— ¥
U

10) —_ — 1)

Proof: Assume U exists

U<|0>+|1>®|0>>: [0)+11) o 10)+11) _ 100) +101) +]10) +]11)

% Vi op :

10) + | 1) 100) + [10) \  U[00)+ U[10)  |00) + [11)
U ®0 =U = =
< NG ”> ( NG ) NG NG



No Cloning

THM: There is no unitary transformation U such that V| ¢)

9)— ¥
U

10) —_ — 1)

But, one can copy the basis states:

| x)
0 4

L




No Cloning

THM: There is no unitary transformation U such that V| ¢)

9)— ¥
U

10) —_ — 1)

But, one can copy the basis states:

| x) | x)
10) ”L | x)

L




Classical versus Quantum Circuits

Classical universality: Any boolean function f : {0,1}" — {0,1} can be
implemented by a (AND, NOT)-circuit.

X1
XX x I —x
X2



Classical versus Quantum Circuits

Classical universality: Any boolean function f : {0,1}" — {0,1} can be
implemented by a (AND, NOT)-circuit.

X1
XX x I —x
X2

Quantum extension: The quantum extension of a boolean function
J:{0,1}" — {0,1} is the unitary transformation V; : |x,y) = [x,y @ f(x))

| x) — — [x)

y
ey @)

ly) —




Classical versus Quantum Circuits

Classical universality: Any boolean function f : {0,1}" — {0,1} can be
implemented by a (AND, NOT)-circuit.

X1
XX x I —x
X2

Quantum extension: The quantum extension of a boolean function
J:{0,1}" — {0,1} is the unitary transformation V; : |x,y) = [x,y @ f(x))

|x>_ _|x> |x1>— _|X1>

V I
f—borwy T Vae )
|y) — — [y ® (x. )

ly) —




Classical versus Quantum Circuits

Classical universality: Any boolean function f : {0,1}" — {0,1} can be
implemented by a (AND, NOT)-circuit.

X1
XX x I —x
X2

Quantum extension: The quantum extension of a boolean function
J:{0,1}" — {0,1} is the unitary transformation V; : |x,y) = [x,y @ f(x))

Ix) X | X )— X)) )
9 vy a2 )

|y>_ —|y@(x1-x2)> U




Classical versus Quantum Circuits

Classical universality: Any boolean function f : {0,1}" — {0,1} can be
implemented by a (AND, NOT)-circuit.

X1
XX X I —x
X2

Quantum extension: The quantum extension of a boolean function
J:{0,1}" — {0,1} is the unitary transformation V; : |x,y) = [x,y @ f(x))

Ix) y X | X )— | xp) _
— T yerwy P Vaw 1w
ly) — — |y ® (x1.x,)) (D

THM: if a boolean function f: {0,1}" — {0,1} can be implemented by a boolean
circuit of size s then Vfcan be implemented by a quantum circuit of size O(s).



| x;) *

| x2) * ®
|0) —D—9
| y) D

|y @ xx,)

Example

‘/f: |X1,X2,y> = |x17-x29y @Xy>



| x1) ¢

| x,) *—
10) o—e
|¥) D

|y @ x;x,)

Example

Vit | X1, X0, ) > [ X, %5,y D xx5)

C: |X1,x2,y> = |X19x2’ X1X2,Y @X1X2>



Example

X
12 AD/__Df XX Vet |xg, x0,y) B X, %0,y © xx5)

| x;) ® | x;)

| X5) * o | x,) C: | X[, %0, ¥) B | Xy, X9, X1Xp, Y D X(X,)
|0) —D—9 | x1202)

|y) D |y ® x1xp)

|00) + | 11) Ve[00y) + Ve[ 11y)  |00y) + | 11(y @ 1))
W( ® |y )= =

V2 V2 V2

100) + | 11) C100y) + C|11y)  [000y) + | 111(y @ 1))
C ®ly) | = =

V2 V2 V2
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Outline

Postulates
Quantum Circuits
1st Algo: Detecting fake coins with a quantum scale

2nd Algo: Deutsch-Jozsa
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A true coin weighs 8g,
a fake 7.5g.
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Mathematical modelling

<> 010010

A subset of n coins €<—> a binary word of size n

Let a € {0,1}" be the set of fake coins

A weighing is described by a function f, : {0,1}" — {0,1} which associates
with every subset x of coins, the parity f_(x) of fake coins in x.

f,(x) = inai mod2=xea
i=1
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How to (classically) identify the fake coins among n?

« Greedy algorithm:
-> Weighing coins one by one: n Weighings

» Better algorithm?

No, the greedy algorithm is optimal

Intuition:

* Need (at least) n bits to describe the solution (because o possible answers).

* Each weighing gives a single bit of information (*.0" or ".5")
* S0 at least n weighing are necessary
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Initialisation @ Measure

/{ s

The tare allows you to choose .0
the value on the screen when —

the plate is empty 5

* even number of fake coins o|l— | .0

Screen does not change 5 —, | 5

* odd number of fake coins 0l — | 5

Screen does change 5 0
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Detecting Fake Coins: Bernstein-Vazirani

Promise: f:{0,1}"—{0,1} s.t. 3ac{0,1}", f(z) =2z ea =" | xia; mod 2.
Problem: Find a € {0,1}".

Classical algorithm: n calls to f are necessary and sufficient.

Quantum algorithm: 1 call to Uy.

[0") —H®" Uy Hen Ld o
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Classical algorithm: requires N/2+1 calls to f with N=2"

Quantum algorithm: 1 call to Uy.
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Deutsch-Jozsa Algorithm

Promise: f:{0,1}" — {0,1} is either constant or balanced (|f~'(0)| = |f~'(1)])
Problem: decide whether f is constant or balanced.

Classical algorithm: requires N/2+1 calls to f with N=2"

Quantum algorithm: 1 call to Uy.

10..0) —| H U H &

n

n H,
0™) = ﬁzm»e{o,l}n ) o)
i %TTZ%E{OJW(_nﬂ >’$> .
=" 2n Zx,yG{O,l}n(_l) ’ (_1)$ Y ’y>



Deutsch-Jozsa Algorithm

Promise: f:{0,1}" — {0,1} is either constant or balanced (|f~'(0)| = |f~'(1)])
Problem: decide whether f is constant or balanced.

Classical algorithm: requires N/2+1 calls to f with N=2"

Quantum algorithm: 1 call to Uy.

10...0) — H Us H — &

n

n H,
0") ﬁzm»e{o,l}n ) o)
H %T_nzxe{o’l}n(_l)ﬂ >’$>
=" 5w 2iayeqoyn (CDT (=) y)

Amplitude of [0™) is ap = 55 er{o,l}n(—l)f(w)



Deutsch-Jozsa Algorithm

Promise: f:{0,1}" — {0,1} is either constant or balanced (|f~'(0)| = |f~'(1)])
Problem: decide whether f is constant or balanced.

Classical algorithm: requires N/2+1 calls to f with N=2"

Quantum algorithm: 1 call to Uy.
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Amplitude of [0™) is ap = 55 er{o,l}n(—l)f(w)

— If f is balanced, ap =0 = never measure 0".
— Si f est constante, g = =1 = always measure 0".
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Deutsch-Jozsa Algorithm

Promise: f:{0,1}" — {0,1} is either constant or balanced (|f~'(0)| = |f~'(1)])
Problem: decide whether f is constant or balanced.

Classical algorithm: requires N/2+1 calls to f with N=2"

Quantum algorithm: 1 call to Uy.

Bounded error algorithm: O(1) calls to f.




