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Abstract

We prove that the recognition of exact cubes of trees can be done in polynomial time. More precisely, the exact distance power of
a graph is a refinement of the more usual notion of graph power. Given a graph G and a positive integer p, the exact distance p"
power of G is the graph G*” on the same vertex set where two vertices are adjacent if their distance is exactly p in G. Recently Bai
et al. [Y. Bai, P. P. Cortés, R. Naserasr and D. A. Quiroz. Characterizing and recognizing exact-distance squares of graphs. Discrete
Mathematics 347(8). 2024] proved that the recognition of exact squares of trees is polynomially tractable. In order to extend this
result to exact cubes of trees, we first test whether there is a caterpillar as an exact cubic root and, if not, proceed with a general
tree. Both algorithms rely on the observation that the knowledge of a fixed number of vertices is roughly enough to deduce the
whole structure of the tree we aim for.
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1. Introduction

One may argue that graph theory is nothing but using local knowledge (the edges between pairs of adjacent vertices)
in order to draw global conclusions (for example, all vertices are connected). When knowing neighbours is not enough,
one may ask for the list of not-too-far vertices: this would make a rough definition of graph power. Given a graph G
and a positive integer p, the p”" power of G, denoted G, is the graph on the same vertex set with an edge between any
pair of vertices whose distance in G is p or less. When p is 2 or 3, we use the natural denomination: G2 is the square
of G and G? is its cube.

A natural question arises when such an operation is described: is it easy to recognize whether a given graph is the
p™ power of some other graph? The actual notion of graph square was formally introduced by Ross and Harary [19]
in 1960. In their paper, they characterize the squares of trees and present a linear-time algorithm to recognize them.
More recently, Chang, Ko and Lu [5] in 2015 gave, for any positive integer p, a linear-time algorithm to recognize the
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p'" power of a tree. Seven years after the work of Ross and Harary, Mukhopadhyay [14] gives a characterization of
graphs that admit a square root (not necessarily a tree). This characterization, however, does not provide a polynomial
time algorithm, and, in 1994, Motwani and Sudan [13] prove that recognizing graphs admitting a square root is NP-
complete. This result motivated the introduction of the recognition problem for squares of specific classes of graphs.
Given a class of graphs %', the %’-ROOT-RECOGNITION problem asks whether a given graph G can be obtained as the p
power of some graph H in %. This problem has been studied in different settings [7, 10]. Other than recognition, graph
powers have attracted much attention for a range of other problems like coloring [1, 12, 11], or structural properties
like hamiltonicity [22, 15, 16].

In the graph G”, a vertex is adjacent to all vertices at distance at most p in G without any distinction. A natural
refinement of this notion is the exact distance p graph denoted G*7. Given a graph G on vertex set V, the exact distance
p graph G* has the same vertex set V and two vertices u and v are adjacent in G*7 if they are at distance exactly p in
G. When p is 2 or 3, we speak of the exact square or exact cube of a graph, and exact square root or exact cubic root
when they exist.

Similar questions naturally emerge with this notion of exact distance. Recently, it was studied in the context of
coloring [3, 24, 8, 17, 18], and structural properties [9, 4]. We focus on the recognition problem. This paper takes
root in the work of Bai et al. [2]. They prove that recognizing graphs admitting an exact square root can be done in
polynomial time, contrasting with the usual square case. In fact, they prove that if a graph G admits an exact square
root, then its complementary graph G is among those exact roots [2, Theorem 1.1]. In addition, they prove that when
restricting the class € to bipartite graphs, the problem is NP-complete [2, Theorem 1.2]. Finally, they prove that when
% is the family of trees, the problem is again polynomially tractable [2, Theorem 1.3]. So we have this interesting
progression P, NP-complete, P based on the class € being trees, bipartite, or all graphs. We started wondering if the
problem for trees remained polynomial for higher exact powers. We naturally picked the first open case, p = 3. In
his Master’s thesis, Cortés [6] describes algorithms to decide whether a disconnected graph admits a tree as an exact
cubic root. Note that except for small diameter trees (like stars), the exact cube of a tree has either one, two or three
connected components.

Our contribution. In this paper, we prove that the exact cubes of trees can be recognized in polynomial time.

Theorem 1. There exists a polynomial time algorithm which takes a graph G as input and decides whether there
exists a tree T such that T® = G. Moreover, if yes, it provides such a tree.

The particularity of our approach is to observe that few fixed vertices dictate the adjacency between most vertices. In
addition to this rather simple roadmap, we use induction on the tree structure and get help from matching theory.

Organization of the paper. The rest of the paper follows a natural progression. In Section 2, we treat the case of
caterpillars; namely, we prove that deciding if a given graph admits an exact cubic root in the form of a caterpillar
is polynomially tractable. In Section 3, we describe the algorithm to follow when the given graph does not admit a
caterpillar as an exact cubic root. In this case, we use the observation that any tree which is not a caterpillar has seven
vertices inducing a subdivided claw. Together, these two algorithms prove Theorem 1.

2. Recognizing exact cubes of caterpillars

A caterpillar is a tree such that when leaves are removed, the resulting graph is a path. Our first result is the
recognition of their exact cubes.

Lemma 2. There exists a polynomial-time algorithm to decide whether a given graph G can be expressed as the exact
cube of a caterpillar. Moreover; this algorithm provides an exact cubic root of G as a caterpillar when it exists.

Proof. In order to explain the recognition of such graphs, we need to observe some simple facts about the exact cube
of a caterpillar. As said before, a caterpillar C contains a path P from which leaves are pending. Thus, there exist an
integer k as well as k + 1 vertices vy, vy, ...,V such that P = vyv; ...y, (we may assume that no leaves are pending
from vy and v;). The integer quotient of k by 3 will be denoted g and the remainder 7 (so 0 < r < 2). Thus k = 3g + r.

If k is O, then the caterpillar C is just a single vertex (and so must be its exact cube). If k is 1, it is just K, (we
have no pending leaves on the extremities of the path), in which case its exact cube is a stable set on two vertices.
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Suppose now that k is 2 or more. We may thus safely speak of vertices vy, v; and v,. To each of them, we associate
the furthest vertex of P at a distance multiple of 3. This means that vy is associated to v3,, v; is associated to v3,_, or
V34+1 (depending on remainder r) and v; is associated to V3445 or v3,_ (also depending on r). Let us call ug, u; and u
the vertices associated to vy, v; and v, (observe that u; and v; might be the same vertex).

In the exact cube of caterpillar C, there is a unique shortest path from v; to u; (namely the one following the path P
with jumps of length 3). Moreover, these three shortest paths differ in length by at most 1. They describe the whole path
P by taking the next vertex consecutively and cyclically in each of those three paths. Any other vertex of C is a pending
leaf on some vertex v; of the path P. It is thus adjacent to v;_, and v;;, (provided that they exist) and all the pending
leaves of v;_; and v;;;. These adjacencies can be decided unequivocally once the path P is fixed. Figure 1 illustrates
this paragraph with an example. The upper drawing depicts a graph G with guessed vertices vy, v1, v2, Ug, U1, U2, bold
edges are the shortest paths between those pairs. The bottom drawing is the caterpillar obtained after the identification
process previously described. Afterwards, one can check that the cube of this caterpillar is indeed the given graph G.

Fig. 1. A graph with fixed vo, ug, vi, u1, v2, uz, and one of its cubic root as a caterpillar.

This discussion allows us to derive a straightforward algorithm to recognize exact cubes of caterpillars:
1. Guess the six vertices v, ug, V1, 41, va, 4z (O1n°) possible choices):

2. Compute shortest paths (in G) between those pairs (Om?) through BES),

W

Deduce path P (linear time),
4. For all remaining vertices, decide where it is attached on P (constant time for each vertex, so linear as a whole),

5. Check that the obtained caterpillar is indeed an exact cubic root of G (quadratic for trees through LCA methods,
for example, see Tarjan [21]).

If all 6-tuples fail the test, we may safely assert that G admits no caterpillar as an exact cubic root. If one of them
passes the test, we obtain both a positive answer and an exact cubic root for G. In the end, we obtain a procedure
running in time O(n®) which recognizes whether a graph G is the exact cube of a caterpillar. Moreover, if the answer
is positive, it provides such a caterpillar. O

3. Recognizing the exact cube of a general tree

After having tested if the given graph G is the exact cube of a caterpillar (see Section 2), when the answer is
negative, we are left with deciding whether G is the exact cube of a tree which is not a caterpillar. Observe that such
a tree admits a vertex r of degree at least 3 such that three of its neighbours have degree at least 2 (r is the center of
a subdivided claw). In the same flavour as for caterpillars, we shall identify some specific vertices and observe that,
when fixed, the whole tree is more or less deduced from G. The specific vertices will be exactly the seven vertices
described above. The vertex r has been so named because we want to look at T as a tree rooted in r.
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3.1. Family relations are odd

In the remainder of this paper, we extensively use genealogy terms to characterize the vertices of the rooted tree
that we build. In addition to the usual father/children terminology, we use specific terms that deserve a subsection to
be introduced.

Given a rooted tree (7, r), we obviously call r the root. For any other vertex v, the father of v is its unique neighbour
u on the unique path from v to r. Conversely, v is a child of u. If two vertices share a common father, we call them
brothers. We also use the obvious uncle/nephew relationship (a brother of my father is an uncle). The generation of
a vertex v is its distance to vertex r. Its ancestors are all the vertices on its unique path to r, and its descendants are
all the vertices u such that v is an ancestor of u. When jumping more than one generation, we use the terms i-ancestor
(and i-descendant). Given a vertex v at distance k from r, and given an integer i between 0 and k, the i-ancestor of v
is the unique vertex at distance i from v on its path to r. Note that a 1-ancestor is nothing but a father. Reciprocally,
we define the notion of i-descendant. Finally, among descendants of a vertex v, we sometimes want to isolate those
whose distance to v is a multiple of 3. We call them third descendants. The third descendants of some vertex v are all
3k-descendants of v for any integer k (note that it includes v itself).

3.2. Seven vertices to rule them all

As mentioned above, we are now in the case when the given graph G admits no caterpillar as an exact cubic root.
A tree which is not a caterpillar necessarily has a vertex r of degree at least 3 such that three of its neighbours have
degree at least 2. Let us name xj, xp, x3 three neighbours of » and y;, y,, y3 their other neighbours (at distance 2 from
r). We shall see that deciding whether such a 7-tuple extends to a full exact cubic root of G can be done in polynomial
time. It will, then, be easy to just test all potential 7-tuples; we already use time O(n®) just to decide if G admits a
caterpillar as an exact cubic root so it should be clear to the reader that we aim for a polynomial time algorithm but
not a fast one, thus testing all 7-tuples is nothing to be afraid of.

Deciding the generation of all vertices. Let L; denote the set of vertices of generation i. By definition, £ is nothing
but the singleton {r}. The first generation consists of exactly those vertices that have at least two neighbours (in G)
among y;, ¥, and y3. Let Ng(v) denote the set of neighbours of a vertex v in graph G.

L ={v:INc(v) N {y1, 2, y3} = 2}.
Similarly, the second generation is the set of those vertices having at least two neighbours in {x;, x2, x3}.
Lo ={v: ING(v) N {x1, x2, x3}| > 2}.

For i > 3, generation i is characterized by the fact that its vertices have a 3-ancestor (thus a neighbour in £;_3) while
not being in L;_; or L;_,.

Li = Ng(Li3)\ (Li-1 U Lio).

This whole procedure allows us to assign a generation to every vertex of G. Now it remains to assign a father to every
vertex other than r.

Early fathers. For every vertex of L, its father is none other than r. Now, observe that vertices of £, are at distance
1 from their respective fathers and distance 3 from all other vertices of £; (in the tree). Thus, in G, they should be
adjacent to all but one vertex of £, which will be their father. Therefore, fathers for the first two generations are easily
identified.

3.3. Assigning fathers for further generations
Now starts the more involved part of the algorithm. We shall assign fathers to the remaining vertices iteratively, one

generation after the other. To do this, we distinguish two types of vertices, the forced vertices and the free vertices. Let
v be a vertex of G. Since we know the generations of all vertices, it is easy to deduce the tree of the third descendants
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of v (by looking at the edges of G and the generation partition). Let 7, denote the tree rooted in v and containing all
its third descendants. Keep in mind that 7, is a subgraph of G and not a subgraph of the tree that we are constructing.
We partition the vertex set into two sets:

e Forced vertices A = {v € V(G) : there exists a third descendant of v that has a nephew or an uncle},
o Free vertices B =V(G) \ A.

Observe that by definition, if a vertex is free, then all its third descendants are also free. Forced vertices are so named
because their father can be unequivocally determined (see 3.3.1) while free vertices may have several potential fathers.

We recursively process one generation after the other. Let i be a generation such that all fathers of vertices in lower
generations are already fixed (by Paragraph 3.2, i > 3). We first assign a father to all forced vertices of £; (see 3.3.1)
and then we seek an assignment of fathers for free vertices of £; (see 3.3.2).

3.3.1. Large families help genealogy: forced fathers

Let v be a forced vertex in A N L;. Observe that if v has neighbours in £;_; then they should all be its uncles, and
their unique brother which is not adjacent (in G) to v must be its father. This is the easiest case for assigning fathers to
forced vertices. For the next two paragraphs, we assume that v has no uncle.

Nephews can help too. Now, if v has a nephew u (meaning a neighbour in £;,), observe that the 3-ancestor of # must
be the 2-ancestor of v. This 2-ancestor has a unique son (otherwise v would have an uncle), which in turn has to be the
father of v.

From the future to the past. A generalization of the previous paragraph is as follows. Observe that, knowing G and
the partition of V into generations, it is easy to know all the third descendants of v. If there is an integer k and a 3k-
descendant of v that has an uncle or nephew (that is a neighbour in L;;3;-; or L;13¢+1) We can easily find its ancestor
in generation £;_; or L;_, which in turn must be the 1-ancestor or 2-ancestor of v (recall that v does not have an uncle,
thus knowing its 2-ancestor allows us to find its father). Therefore, we can identify and assign the father to v.

3.3.2. Lonely branches: multiple choice

We are left with the last and most problematic case: free vertices. These vertices are such that none of their third
descendants has an uncle or nephew. In G, this translates to a bridge between the free vertex and its 3-ancestor,
separating v and its third descendants (which form the tree 7, in G) from the rest of G.

After having assigned fathers to forced vertices, we group the remaining unassigned vertices (the free vertices in
BN L;) with respect to their 3-ancestor. With a bit of extra work, we shall solve not only the father assignment for just
those vertices, but also for the entire subtree of their descendants.

Some structural observations. Let a be a vertex in .£;_3 and X the set of its third descendants that have not received
a father after previous inspection (see 3.3.1). We denote X* as the set X augmented by all the third descendants of
vertices in X.

Observation 1. Potential fathers of vertices in X are the 2-descendants of a that are lonely children, whose forced sons
are either leaves or do not exist.

Proof. Let x be a vertex in X. Genealogy ensures that its father f must be a 2-descendant of a. Moreover, if f was
not a lonely child, then x would have an uncle, and we would have decided its father long ago. Furthermore, if f has
already been assigned as a father of some other vertex (let us call it y) which has a non-empty descendance, then x
would have at least one nephew, and we would also have decided its father in the previous inspection. O

We let F denote the set of potential fathers for X, and F* denote the set F augmented with all third descendants of
vertices in F.

Observation 2. Vertices in F* do not have nephews.
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Proof. Let f be a potential father for the set X. If one of its third descendants has a nephew, then this nephew is a
third descendant of some vertex of generation £; which would have been assigned as a son of f while not being a leaf,
contradicting Observation 1. O

The father of a potential father is henceforth called a potential grandfather.
Observation 3. Given a third descendant of a potential grandfather, all its 3-descendants are brothers.

Proof. Let g be a third descendant of a potential grandfather, and assume that two of its 3-descendants g; and g, have
distinct fathers (call them x; and x;). By Observation 1, x; and x, are third descendants of vertices in X (since they
have non-empty descendance). Now, if g; and g, share a common grandfather, then x; would have a nephew and its
ancestor in £; would be a forced vertex. If g; and g, have different grandfathers, then x; would have an uncle, which
would also qualify its ancestor in £; as a forced vertex. This contradicts the definition of X, since its elements must
be free vertices. [

Lemma 3. The father of any vertex in F* can be determined.

Proof. We shall prove it by induction on the generation of the third descendants of potential fathers. We know the
fathers of potential fathers since the father assignment is known up to generation i — 1. Now, let f be a third descendant
of a potential father at generation i + 3k — 1 and assume that we know the father g’ of its 3-ancestor f” (by induction
hypothesis). By Observation 3, all 3-descendants of g’ are brothers. Therefore:

e if ¢’ has only one 3-descendant g, it must be the father of f,

o if g’ has several 3-descendants, all but one must be uncles of f and thus should be adjacent to f in G; the
remaining 3-descendant is the father of f.

In this way, we know all mandatory relations between third descendants of potential fathers and potential grandfathers.
O

Take a breath and look around. We have fixed a vertex a in £;_3 and X is the set of all its free 3-descendants. In G,
each vertex x of X is the root of a tree (its third descendants) which is attached to the rest of G only through the bridge
xa. So we have a group of pending trees. Similarly, the third descendants of potential fathers and potential grandfathers
form pending structures. What we need is to find a way to accommodate those structures all together. The main thing
to observe is that, due to the fact that these structures are pending away from the rest of the graph, if there exist several
ways to assign fathers in F™* to all vertices of X*, then these different ways are locally interchangeable and have no
implication on the rest of the procedure (in which case the tree cubic root is not unique).

Fathers of none, fathers of one, fathers of many. Let v be a vertex in F*. We distinguish the following cases:

e if v has a 3-descendant, then it has a 2-descendant. All its 2-descendants are 3-descendants of the father of v
(identified by Lemma 3). By Observation 3, all of them should form a brotherhood. Their common father should
be a child of v. Now, observe that if v has two or more non-forced children, then there is an uncle/nephew
involving a free child (i.e. a free vertex that is a child of v), which is a contradiction. So v has exactly one free
child.

o if v has no 3-descendant, but has a brother v/, then v is not in F (it is made only of lonely children). Thus, V" is
also in F* and would have a nephew if v had a child (contradicting Observation 2). Therefore, v has no children.
We name these vertices dead-ends.

e if v has no 3-descendant and is a lonely child:

— if the father of v has some 3-descendant, they must all be 2-descendants of v, and v must have exactly one
free child (to accommodate the 3-descendants of the father of v).

— if the father of v has no 3-descendant, then v can have many children as long as they have no 3-descendant.
Such a vertex v is called a fecund vertex.

Vertices of F* which require exactly one free child are called essential vertices. Observe that fecund vertices may
have any number of children (starting from zero), so we focus on essential vertices.
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Testing compatibility with essential fathers. Given a vertex x in X* (at generation j) and an essential vertex v (at
generation j — 1), we want to determine if x can be the unique free son of v (we say f and x are compatible if this is
the case). To test this, we use induction on the tree structure of 7,.

e if x is a leaf, then it is compatible with v if and only if v itself is a leaf or if its 3-descendants are fecund or

dead-ends.
o if x is not a leaf, let xj, x5, ..., x; be its 3-descendants. We arrange them so that the first p ones are not leaves
(that is xy, x2,...,x, are not leaves and X,.1,...,x; are leaves). Now consider v, v,,...,v; the essential 3-

descendants of v. Now, either v has a fecund 3-descendant or not.

— if v has no fecund 3-descendants, then each v; must have exactly one son, and thus, we should find a
one-to-one compatibility between {x, x», ..., x;} and {v, v», ..., v;}. This translates as a perfect matching
in the bipartite graph where an edge represents compatibility,

— if v has one or more fecund 3-descendant, then we must have a matching saturating the non-leaves
{x1,...,x,} and essential vertices {vy,...,;} in their compatibility bipartite graph between {xi, ..., x;}
and {vy,..., v} (as each essential vertex requires exactly one free child, and each non-leaf x; requires a
son in the tree). The remaining 3-descendants of x (which are leaves) can be safely assigned to any fecund
3-descendant of v.

Finding a perfect matching or matchings that saturate specific sets of vertices in bipartite graphs can be accom-
plished in polynomial time (see [20, Chapter 16] for an extensive treatment of matchings in bipartite graphs). In fact,
our compatibility testing algorithm uses similar concepts to classical tree isomorphism testing algorithms (see [23,
Chapter 4]). As we do not seek the most optimal algorithm, we are satisfied with a complexity of O(n?). Starting
from the leaves of T, we can determine the compatibility of x with any of its potential fathers in polynomial time.
The final step involves checking whether a matching exists between the vertices of X and the potential fathers (once
again distinguishing if there is a fecund potential father). Any positive result provides an assignment of fathers for our
isolated branches, thereby completing the assignment not only for generation i, but also for all descendants of these
vertices in X.

3.4. Time complexity

We now have a polynomial-time algorithm to check whether a given graph G is the exact cube of a tree, thus
proving Theorem 1:

1. Testif G is the exact cube of a caterpillar (time O(n?), Section 2).
2. Fix seven vertices 7, X1, X2, X3, Y1, Y2, V3 (n’ possible choices).

2.1 Determine the generation of every vertex (quadratic through BFS, Section 3.2)
2.2 Determine the fathers for generations 1 and 2 (linear, Section 3.2)
2.3 For each generation i starting from 3:

2.3.1 Determine forced fathers (linear with DFS in T, Section 3.3.1)
2.3.2 Solve compatibility for unassigned children (overall O(n’), Section 3.3.2)

2.4 Routine check that the obtained tree is a cubic root of G (quadratic through LCA methods)

3. Return Yes (and the obtained tree) or No.
Conclusion and open questions
In this paper, we prove that exact cube of trees can be recognized in polynomial time relying on the fact that a few

fixed vertices help reveal (almost) the whole structure of the root. Thanks to the work of Bai et al. [2] we know that
exact squares of trees are also polynomially recognizable. Thus, it is natural to pose the following open question.
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Question 1. Is it true that for any fixed integer p, there exists a polynomial-time algorithm deciding whether a graph
G is the exact distance p graph of a tree?

One may question our algorithm’s exponent, given that usual graph powers of trees can be recognized in linear time
(Chang et al. [5]). Notably, exact cubes of bipartite graphs are bipartite; thus, so are exact cubes of trees. These
observations may help improve the time complexity.

Question 2. Is there a more efficient algorithm for recognizing exact cubes of trees than the one proposed? In partic-
ular, can this recognition be performed in linear or quadratic time?
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